Abstract : In the recent paper, Kim-Rim have studied interesting twisted q-Euler numbers and polynomials. In [8], Kim-Rim suggested the question to find a q-analogue of the p-adic twisted (h, q)-l-function which interpolates generalized twisted (h, q)-Euler numbers attached to χ. This question is remained open. The purpose of this paper is to give the answer of the question.
Introduction
Let p be a fixed odd prime number. Throughout this paper, Z p , Q p , C and C p are respectively denoted as the ring of p-adic rational integers, the field of p-adic rational numbers, the complex numbers field and the completion of algebraic closure of Q p . Let v p be the normalized exponential valuation of C p with |p| p = p −vp(p) = 1 p . When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C one normally assumes that |q| < 1. If q ∈ C p , we normally assume that |1 − q| p < p Let U D (Z p ) be the set of uniformly differentiable function on Z p . For f ∈ U D (Z p ), Kim originally defined the p-adic invariant q-integral on Z p as follows:
x , cf. [6] , [7] , [10] , where N is natural number. Let
where N is a natural number (see [2] , [3] , [4] , [5] , [9] ). Let d be a fixed integer. For any positive integer N , we set
(a + dpZ p ) , a + dp
where a ∈ Z lies in 0 a < dp N .
Let us define I −q (f ) as
This integral, I −q (f ), can be considered as the q-deformed p-adic invariant integral on Z p in the sense of fermionic, cf. [3] , [4] , [5] , [6] , [8] .
In [6] , multiple q-Euler polynomials of higher order were defined by
where h ∈ Z, k ∈ N. The q-Euler polynomials of higher order at x = 0 are called q-Euler numbers of higher order.
In [1] , Carlitz originally constructed q-Bernoulli numbers and polynomials. These numbers and polynomials are studied by many authors (see [7] , [8] , [10] , [11] ). In particular, twisted (h, q)-Bernoulli numbers and polynomials were also studied by several authors (see [9] , [10] , [11] ).
In [8] , Kim-Rim introduced an interesting twisted q-Euler numbers and polynomials associated with basic twisted q-l-functions and suggested the following question:
"Find a q-analogue of the p-adic twisted l-function which interpolates generalized twisted q-Euler numbers attached to χ, E n,w,χ,q ."
In this paper, we give some interesting properties related to twisted (h, q)-Euler numbers and polynomials. The final purpose of this paper is to construct p-adic twisted Euler (h, q)-l-function which is a part of answer for the question in [8] .
p-adic Invariant Integral on Z p Associated with Twisted (h, q)-Euler Numbers and Polynomials
Let h ∈ Z and q ∈ C p with |1 − q| p < p
From the invariant integral on Z p in the sense of fermionic, we define
where f ∈ U D (Z p ), cf. [3] . Note that I −1 (f 1 ) + I −1 (f ) = 2f (0), where f 1 (x) = f (x + 1). Let C p n = ξ : ξ p n = 1 be the cyclic group of order p n and let
, (see [3] ).
(1)
In complex case the twisted Euler numbers were defined by Kim-Rim [8]
where |logξ + t| < π. Thus we have
By using iterative method of p-adic invariant integral on Z p in the sense of fermionic, we see that
where f n (x) = f (x + n). If n is odd positive integer, then we have
Let χ be the Dirichlet's character with conductor d (=odd)∈ N, and let f (x) = χ (x) φ ξ (x) e tx ∈ U D (Z p ). From (3), we can derive the following:
Now we define twisted generalized Euler numbers attached to χ as follows:
From (1) and (4), we note that
In [6] , (h, q)-Euler numbers were defined by
will be called (h, q)-Euler number. In the special case h = 1, we note that lim
n,q becomes q-Euler numbers, which were originally defined by Kim [6] .
That is lim
In the viewpoint of (5), we consider twisted (h, q)-Euler numbers using p-adic invariant q-integral on Z p in the sense of fermionic as follows:
which are called twisted (h, q)-Euler polynomials. In the special case x = 0, we use notation
n,ξ,q which are called (h, q)-twisted Euler numbers. Note that
where
From (7), we note that
where h ∈ Z, n ∈ N. Equation (8) is equivalent to
n,ξ,q (x)), where n, d (= odd) ∈ N. Let χ be the Dirichlet character with conductor f (= odd) ∈ N. Then we define the generalized twisted (h, q)-Euler numbers attached to χ as follows: For n 0,
where h ∈ Z. Note that E
(1,1) n,1,χ,q = E n,χ,q , see [3] . From (9), we also derive
where n, d (= odd) ∈ N.
Twisted (h, q)-Euler Zeta Function in C
For q ∈ C with |q| < 1, s ∈ C, we define
Then we see that ζ (h,1) E,q,ξ (s) is analytic continuation in whole complex plane. We easily see that
E,q (s) , see [6] .
We now also consider Hurwitz's type twisted (h, q)-Euler zeta function as follows: For s ∈ C, define
for s ∈ C, h ∈ Z. By (8) and (11), we see that
where n ∈ N, h ∈ Z. Let χ be the Dirichlet's character with conductor f (= odd) ∈ N. Then we define twisted (h, q)-l-function which interpolates twisted generalized (h, q)-Euler numbers attached to χ as follows: For s ∈ C, h ∈ Z, we define
For any positive integer n, we have
From (13), we derive
Let s be a complex variable and let a and F (= odd) be integer with 0 < a < F . We consider the following twisted (h, q)-harmonic sums (or partial (h, q)-zeta function):
Thus we have
By (12), (13) and (14), we see that
From (14), we note that
where n is a positive integer. By (10), (15) and (16), we see that
n,ξ,χ,q .
The Euler (h, q)-twisted harmonic sum H 
p-adic Twisted Euler (h, q)-l-Function
Let ω (x) be the Teichmüller character and let
. When F (= odd) is multiple of p, and (a, p) = 1, we define p-adic partial (h, q)-zeta function as follows: For h ∈ Z, q ∈ C p with |1 − q| p < p
where s ∈ Z p . Thus we note that
Therefore, we obtain the following formula:
Now we consider p-adic interpolating function for twisted generalized (h, q)-Euler numbers attached to χ as follows:
for s ∈ Z p . Let n be a natural number. Then we have n,ξ p ,χω −n ,q p .
Therefore we obtain the following theorem:
Theorem : For s ∈ Z p , we define p-adic twisted Euler (h, q)-l-function as follows: n,ξ p ,χω −n ,q p .
Remark : From the above theorem, we note that
